Time-asymptotic behavior of solutions of systems of conservative differential equations and of measure-preserving transformations  by Marchal, Christian
JOURNAL OF DIFFERENTIAL EQUATIONS 23, 387-401 (1977) 
Time-asymptotic Behavior of Solutions of Systems of 
Conservative Differential Equations and of 
Measure-preserving Transformations 
CHRISTIAN MARCHAL 
O&e National d’Etudes et de Recherches Abrospatiales (ONERA) 
92320 ChBtillon, France 
Received January 15, 1975; revised September 26, 1975 
Asymptotic properties of conservative systems and of measurepreserving 
transformations of a set into itself are already well known. These properties are 
here estcnded to the comparison of the evolution when the time goes to plus 
infinity and when it goes to minus infinity. It leads to an extension of the ergodic 
theorem and emphasizes the qualitative and quantitative stability of solutions of 
bounded (or limited) type and of oscillating type. 
1. INTRODUCTION 
Many problems are related to a system of conservative differential equations. 
Systems of conservative differential equations arc generally presented in 
Hamiltonian form with a Hamiltonian H ($Q , q2 , t) twice continuously differen- 
tiable with respect to the variables and either independent of t or periodic in 
terms of t. 
These conservative systems are closely related to the measure-preserving 
transformations. For instance, in the previous Hamiltonian system the trans- 
formation of the p,‘s and the pi’s in their phase space is volume preserving. If 
the system is analyzed at a regular interval of time (a multiple of the period with 
respect to t if there is such a period) the corresponding measure-preserving 
mapping is independent oft. 
We will thus study such measure-preserving transformations and their suc- 
cessive iterations toward the future and toward the past and we wiI1 analyze 
qualitative as well as quantitative characters of stability. 
2. GENERAL FORMULATION OF THE PROBLEM 
Let us call X the set of elements or “points” x of interest (X is, for instance, 
the phase space of the problem and x the “state vector” associated with the 
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parameters of interest). Let us call S a proper u-ring of subsets of X (S is, for 
instance, the set of measurable subsets of X). We will assume that the set X 
belongs to the u-ring S, which is then a u-algebra in the Boolean meaning and 
we will call “measurable sets” the subsets of X belonging to S. 
Let us call T the measure-preserving transformation of interest. 
We will define a sequence x, by 
x, = T(x,); x,+~ = T(x,); x, = T(“)(x,); n = {... -1, 0, l,... }. (1) 
The sequence . . . x-2, x-1 9 x0,*1 > x2 a** is the “orbit” of x0 ; the sequence 
Xl, x2 , x3 '.a is the “positive semiorbit” and we will call its points the “positive 
points”; . . . x-s, xez, xwl is the “negative semiorbit” and its points are the “nega- 
tive points” of the orbit of interest. 
Similarly, if E, is a subset of X, 
E, = T’“‘(Eo), n = (... -1, 0, l,... }. (2) 
We will of course assume that all subsets E, belong to the u-ring S as soon as 
E, belongs to S (i.e., that the transformations T and T(-l) are S-measurable) 
which is the case for ordinary continuous or measurable transformations asso- 
ciated with ordinary measurable sets. 
T is generally a one-to-one transformation, but (in order to take account of 
the possible trajectories “going to infinity in finite time” as is the case when 
dx/dt = x2 or when dxjdt = exp{x>) it will be possible that no point x corre- 
sponds to T(x,) or to T(-l)(x,) and we will define the subset X, and its comple- 
ment X, by 
x0 e XF is equivalent to “the positive semiorbit and/or the negative semi- 
orbit has only a finite number of points”; (3) 
x0 E X, is equivalent to “the orbit . ..xb2 , .x-r , x0 , x1 , x2 ,... has an infinite 
number of points on both sides”; hence T and T(n) are one-to-one inside X, . (4) 
Taking account of (2) these definitions imply 
T’“)(X,) C X, , T(“)(X,) = X, , nm > 0 and/or E, C X, =S T(“)(E,) = 
E n+m.,~n~E,=>xo~Eo, x,,EE~ox~EE~,,x~EE~~~~~~~~~,EE,, (5) 
or x, does not exist. 
We can define inside X, the “initial set” Xi = X, - T(X,) = X - T(X) 
and the “last set” X, = X, - Tf-l)(X,) = X - T’+(X). Points of Xi are 
initial points of their orbit and points of X, are last points. 
Since X belongs to the o-ring S, X, = X - T(X) and X, = X - T(-l)(X) 
belong also to that u-ring and so do X, = fiizVm T(“)(X) and X, = X - X, = 
KJ:zo T(“V.)I u [U:zo T’-“‘Ffdl. z 
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Finally we will assume that the measure preserving property of the trans- 
formation T can be defined: with each subset E, of X belonging to the u-ring 
S can be associated a nonnegative measure written meas (Es) and such that 
{E,, n X, = @ ; El = T&J} Z- meas = meas(E,J. (6) 
It is equivalent to 
El = T(E,) 3 meas = meas(E, - X,) (7) 
and symmetrically, 
or 
{E,, n xi = m; Eel = T(-l)(E,)} * meas(E-i) = meas(E,J 
E-, = T(-l)(E,J G- meas(E-i) = meas(E,, - X0 
(8) 
It implies for any integer n, 
E, C X, + meas = meas( (9) 
The measures of X, X, , and X, can be either finite or infinite and most of 
the following asymptotic properties are only interesting when the measure of X, 
is not zero and when there exist subsets of X, of positive and finite measure. 
A set of orbits will be said of measure zero iff all corresponding points x, 
belong to a set of measure zero of the u-ring S. 
3. QUALITATIVE STUDY OF ASYMPTOTIC PROPERTIES 
3.1. Intersection of the Orbits x, and a Measurable Set E, of Finite Measure 
We will generalize the results of Halmos [2], Nemytskii and Stepanov [4], and 
Marchal [7] to the comparison of past and future and to the cases when the set 
X, is not necessarily empty. 
Let us demonstrate that it is possible to classify the orbits in terms of their 
intersection with E, into four classes: 
(A) the “inner orbit”: all points x, exist and belong to E,, ; 
(B) the “intersecting orbits”: an infinite number of points x, of the 
positive semiorbit belong to E0 and an infinite number of points of that positive 
semiorbit do not belong to E,, ; it is the same thing for the negative semiorbit; 
(C) the “outer orbits”: only a finite number of points x, of the orbit 
belongs to E,, ; 
CD) a set of measure zero containing the “abnormal orbits” which corre- 
spond to all the other cases. 
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Let us note that there is a symmetry between past and future but a 
dissymmetry between E,, (the measure of which is finite) and its complement: 
“inner orbits” have no point in X - E,, and “outer orbits” have a finite number 
of points in E0 . 
Let us also note that inner and intersecting orbits belong necessarily to X,,, 
and thus orbits of X, must be either “outer orbits” or “abnormal orbits.” 
We will divide the demonstration into two parts. 
3.1.1. Orbits having a first point and no last point in E, jilI a set F of measure 
zero. These orbits have a finite number of negative points and an infinite 
number of positive points in E0 , and since x, E E, is equivalent to x,, E E-, the 
set FA of the first point belonging to E, of each orbit of interest is given by 
and obviously 
F = ij” T(“)(FA), (11) 
n=-cc 
hence both FA and F are measurable. 
Let us consider one of the orbits of interest; it enters into E, for the first time 
at x, , for the second time at x, , for the third time at xc, etc.; the set of points 
xA isF, , the set of points x, is Fs , etc., all these sets FA , Fs , F, , FD . . . belong 
to E, and are mutually disjoint. 
Let us decompose F,, into 
etc., 
FA1=FAnE-,, (12) 
FA2 = FA n (X - E-J n E-, , (13) 
nE-, (14) 
(henceO<n<m*F,,nF,, C E-, n (X - E-,) = 0). All these FAn are 
measurable and mutually disjoint, and 
F,, = F,a + F,a i- Fza + **- -i-F.-m 4 --my (15) 
FB = T(FA1) + T2)(FA2) + .a. + P)(FA,) + -se. (16) 
Since obviously F n X, = m we obtain from (6) 
meas(FAn) = meas( T’“‘(FA,J) (17) 
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and 
meas = 5 mea@& = meas( 
n-1 
(18) 
and similarly, 
meas = meas = meas = meas = a**. 
Hence, the measurable sets of this denumerable sequence being mutually 
disjoint and belonging to E, of finite measure, they have necessarily a measure 
zero. Thus for any n, meas( = 0 and, taking account of (ll), 
meas = 0. 
Thus, except for a set of measure zero of “abnormal orbits,” orbits having a 
first point in E,, have also a last point in Es and symmetrically orbits having a 
last point in E, have also a first point in E, . These orbits are the “outer orbits” 
(and so are also the orbits without point in Es). It remains to study the orbits 
having an infinite number of positive points and also an infinite number of 
negative points in Es and which then belong to the set X, . 
3.1.2. Orbits of X, having a first point out of E,, fill a set G of measure zero. 
Let us call G, the set of these first points for the orbits of interest; since x, E E, o 
x0 E E-, we obtain 
Go = (X, - E,) n (19) 
(indeed x,, E G, is equivalent to x0 E X, and x,, $ E, and all negative x, E E,,), and 
G = 5 T’“‘(G,) = c G, . cm 
r&=--m n=--00 
These sets G, = T(“)(G,) are given by 
G, = T’“‘(G,) = (X, - E,) n [ 1 fi Ej . j=n+l (21) 
All these sets G, belong to X, and hence they have the same measure, 
furthermore they are mutually disjoint (indeed 12 < m * G, C Em and G, C 
X, - E,); finally for rz < 0 all G, belong to the set E0 of finite measure, hence 
they have necessarily a measure zero and so is the set G. 
Thus, except for a set of measure zero, the orbits of X, having a point out of 
E,, have an infinite number of negative points out of E,, (and also symmetrically 
an infinite number of positive points). Hence, except for a set of measure zero of 
“abnormal orbits,” the orbits can be classified into three types in terms of their 
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intersection with a measurable set E, of finite measure: the “inner orbits” (all 
points x, exist and belong to E,,), the “outer orbits” (only a finite number of 
points x, belong to E,,), and the “intersecting orbits” (an infinite number of 
positive points belong to E,, and an infinite number of positive points are out of 
E,, ; it is the same thing for negative points). 
3.2. Intersection of the Orbits x, and Two Measurable Sets E, and E, the Set 
E, Having a Finite Measure 
Let us consider orbits of “inner type” or of “intersecting type” with respect to 
E,, and let us demonstrate that, except for a set of measure zero, these orbits 
intersect the second measurable set E in a particular way: they are with respect 
to E either of inner type or of intersecting type or they have no point in E. In other 
words they have no first and no last point in E and also no first and no last 
point in the complement set X - E. 
Demonstration. Since both E and X - E are measurable it is sufficient to 
consider any of them and to demonstrate that, for instance, the set F of points 
of orbits having a last point in E and an infinite number of positive points in E, 
is a set of measure zero. 
Let us call F, “the set of last points in E” of the orbits of interest (hence 
F = u;b,“--m Tcn)(F,)). After its last point in E an orbit enters E0 for the first 
time at x, , for the second time at X~ , etc., and the corresponding sets FA , FB , 
etc., belong to E,, and are mutually disjoint; an obvious demonstration almost 
identical to that of Section 3.1 .I leads then to the desired result: meas F = 0. 
3.3. Intersection of the orbits ..x, . . . and a Denumerable Sequence of Measurable 
Sets 
Let us call Fcl) , Fez) , FM a.9 the sets of finite measure of this denumerable 
sequence, and IB) , IW , IM *a* the sets of infinite measure, and let us put 
G(n) = U”_Pw . 
Since the union of a denumerable sequence of sets of measure zero is 
of measure zero, we can, according to the results of Sections 3.1 and 3.2, classify 
the set X and its orbits with respect to the measurable subsets Fc,,) , Gt,) , and 
Itn) into the types 
(A) a set of measure zero of “abnormal orbits”; 
(B) a measurable set of “bounded orbits” (or “limited orbits”) composed 
of orbits of “inner type” with respect to sets G(,,) for sufficiently large n, and then, 
with respect to any F(,) , G(,J , or I(,) either of inner type or intersecting type or 
entirely out; 
CC) a measurable set of “oscillating orbits” composed of orbits of “inter- 
secting type” with respect to at least one F(,) or one Gt,) and remaining of that 
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type with respect to the Gc,, when n goes to infinity. It implies that, with respect 
to any FM , GM , and Itn, , these orbits are either of inner type (only for I(,,) 
or of intersecting type or entirely out; 
(D) the remaining orbits are the “open orbits,” they are of outer type with 
respect to any F(,) and any Gc,, and of arbitrary type with respect to the I,,) . 
This vocabulary of bounded, oscillating, and open orbits comes from the usual 
problems. Let us consider for instance an ordinary n-body problem of celestial 
mechanics in the axes of its centers of mass. Its phase-space of positions and 
velocities is a usual R6n-6 space in which the motion is volume preserving and 
we can choose a transformation T of that phase-space into itself independent of 
the time by an analysis at a regular interval of time. 
We can choose as sets of the sequence 3’~~) the open hyperspheres of rational 
radius and the center of which has rational coordinates. 
Thus we see that 
(A) there is at most a set of measure zero of abnormal orbits such as the 
orbits asymptotic to an unstable periodic orbit; 
(B) orbits of bounded and of oscillating types are defined for all time and 
come back an infinite number of times in any vicinity of their past situations 
(consider small hyperspheres F~,J containing these points). A symmetrical 
property is true when the time goes to minus infinity. This property is called the 
‘recurrent property” or the “Poisson stability” for both increasing and decreasing 
time; 
(C) for bounded orbits positions and velocities remain bounded; 
(D) for oscillating orbits positions and/or velocities are unbounded 
(infinitely large mutual distances and/or quasi-collision) but the system comes 
back to ordinary sizes an infinite number of times; 
(E) for open orbits the system goes to infinity in the phase space when the 
time increases and when it decreases (consider very large hyperspheres Ft,,). 
Thus these orbits end at both ends in an escape or a collision or in some more 
complex phenomenom [6]. 
It is possible to use the integrals of motion and to study the corresponding 
subsets of phase-space with a proper measure in order to obtain a better analysis. 
For instance, if the total mechanical energy is positive or zero, the orbits are 
always of open type. They correspond to the hyperbolic and parabolic orbits of 
the two-body problem. 
4. QUANTITATIVE STUDY OF ASYMPTOTIC PROPERTIES 
It is already known by the “ergodic theorem” (see Birkhoff [l]) that if the set 
X, has a finite measure almost all orbits of that set return to a measurable set .& 
505/23/3-6 
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with a well-defined frequency. We will extend that result to the sets X of finite 
or infinite measure and to the comparison of the evolution when the time (or the 
index of the transformation) goes to plus infinity and when it goes to minus 
infinity. 
4.1. The Indicator Function 
We will define the indicator function fEO(x) of a set E,, by 
XEE,, =-f&4 =I, 
(22) 
x & 4 * f&> = 0. 
In order to give a meaning to fE,(xn) w h en x, does not exist, as it happens for 
orbits of the set X, , we will put in that case fE,(xn) = 0 and we will obtain 
fEoc4 = 1 iff x, exists and belongs to E,, , 
(23) 
f&n) = 0 iff either x, $ E, or x, does not exist. 
4.2. The Limiting Frequency and the Generalization of the Ergodic Theorem 
Let us consider a given orbit . ..~-a , x-i , x0 , xi , x2 .,. and let us define the 
four limits 
m,(x,) = (l/n) f f&A m-,(x,) = (l/n) f f~o<x-5>y 
j=l j=l 
S+(x,) = lim sup m,(x,), S-(x,) = lim sup m-,(x,), (24) 
n-m n-m 
i+(xJ = liz$f m,(x,), i-(x0) = IiEinf m-,(x0). 
There is always, of course, 
0 < i+(q) < S,x, < 1, 0 < i-(x0) ,( X(x,) < 1 (25) 
and the generalization of the ergodic theorem will be: 
If the set E, is a measurable set of finite measure the four limits 
S+(x,,), S-(x,,), i+(x,), i-(x,,) are equal for all x0 to the exclusion of a 
possible set of measure zero. 
We will put then for almost all x,, , 
$(x0) = S+(xJ = S-(x,) = i+(xJ = i-(x& 
p(x,J will be the proportion of points of the orbit of x,, belonging to E, . 
(26) 
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4.3. Demonstration of the Generalization of the Ergodic Theorem. 
In Section 3.1 we have already classified the orbits in terms of their intersection 
with a measurable set of finite measure. It is obvious that the four limits S+(X,), 
S-(x,), ii( and i-(x0) are equal for inner and for outer orbits (they are equal 
to one in the first case and to zero in the second). Since abnormal orbits fill a set 
of measure zero, it remains to demonstrate the generalization of the ergodic 
theorem in the case of intersecting orbits which all belong to the set X, . Hence 
we will assume henceforth that E, C X, and we will restrict the analysis to the 
set X, . 
Let us demonstrate first that if p and 4 are two integers such that 0 < p < 4 and 
if 2 is the set of points x,, of X, defined by 
x0 E Z - {x0 E X, and i-(x,,) < p/q < S+(x,)} (27) 
it implies 
meas(E, PI Z) = (p/q) meas(2). (28) 
4.3.1. Measurability of Z and E,, n Z. Let us use the functions m,(x,,) and 
m-,(x,) defined in (24) and let us define the sets Z,,, and ZA,, by 
I 
x0 E .G,k -+ mn(xo) > P/q + l/h 
x0 E Zb,k - m-,(x,) < P/4 - l/k I {n, k} = (1, 2, 3...}. (29) 
Since xi E E, is equivalent to x0 E Eei , Z,,, and Z& are finite union-inter- 
sections of sets Ej and are thus measurable, and so are Z and E, n Z since 
(30) 
4.3.2. Comparison of meas and meas(Eo n Z). Let us define the function 
dn, x0) bY 
do, x0) = 0, g(% xO) = g(” - l, xO) +fE&$ (31) 
Hence lim supn+,,, g(n, x0)/n = S+(x,) and lim inf,,-, g(n, x0)/n = i-(x,). 
Let us define the function h(n, x0) by 
hh x0) = qg(n, x0> - np. (32) 
Hence h(0, x0) = 0; h(n, x0) is always an integer; An = +l => Ah = either 
q - p or -p, and since in Z: i-(x,) < p/q < S+(x,) it implies 
x,, E Z 2 {lim sup h(n, x,-J = +CQ; 
n-m 
lim sup h(n, x0) = +a}. (33) n---m 
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Let us consider now the p(q - p) transformations T,,+ of a part of E. n 2 into 
a part of Z - E,, , transformations defined by 
x0 E E, n Z, x, E Z - E. , x, = T,&,,) iff: 
n <o, 
h(n- 1,x0) =p-A, 
I 
h = (0, I,..., q - p - l}, 
(34) 
n < j < 0 3 h(j, xg) < --x, 
p = (0, l,.‘., p - 11. 
Since h(n - m, x,) = k(n, x0) - h( m, x,,), the function h(n, x,,) can also be 
used for other points of the orbit 
x, E E, n Z, xk E (2 - E,), xy = T,+,,,(x~) iffz 
k < m, 
h(k- 1,x,,) =p---+f(m,x,), 
k < j < m * h(j, x0) < --/\ i- k(m, %), 
Since p 3 0 the last condition of (34) or (35) implies that there is at most one 
n or K corresponding to 0 or a given m. Conversely k = n implies h(m, x,,) = 
h(0, x,,) = 0 and then m = 0 by the same last condition. Hence the transformation 
T,,, is one-to-one in its domain of interest and, since it is a measurable com- 
position of transformations T - ( n, it is a measure preserving transformation in the 
domain where it is one-to-one (exactly as the transformation leading from& to 
Fs in Section 3.1.1 is measure preserving). 
Since in Z lim supnem h(n, x0) = +co and lim sup n+-m h(n, x0) = + co and 
since E,, and Z belong to X, , the domains of the p(q - p) transformations 
T. cover E, n Z (q - p) times (for any x0 and any h there is one and only one p 
gi%rg an x,) and their transformed domains cover (Z - E,) p times (for any xk 
and any p there is in (35) one and only one h giving an x,). 
Thus the p(q - p) transformations T,,, being measure preserving, 
(q - p) meas(E,, n Z) = p meas(Z - E,). (36) 
That is finally the desired result written in (28): 
meas(E,, n Z) = (p/q) meas Z. (37) 
That demonstration is valid for any measurable and self-transformed part of 
Z (i.e., measurable sets Y such that T(“)(Y) = Y); for instance if we now consider 
the set Y of points x,, of X, for which 
G%) < P/q < (P + 1)/q < I+, 
we then obtain by the same demonstration 
meas(E, n Y) = (p/q) meas( Y) 
and also, with respect to the integers (p + 1) and q, 
meas(E, n Y) = (p + 1)/q meas( 
(38) 
(39) 
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E,, being a set of finite measure, (38) and (39) imply, necessarily, meas = 0. 
Thus for any positive integer p and p the set of points x,, verifying i-(x,,) < 
P/4 -==c (P + 1)/P < S+( x 0) is of measure zero and the union of a denumerable 
sequence of sets of measure zero being of measure zero we obtain that the set of 
points x,, for which i-(x,) < S+(x,) is of measure zero. 
Thus 
WI) 2 S+(%) for almost all x0 , 
and symmetrically, 
i+(%) 2 w%) for almost all x0 . 
Hence, since i-(x,,) < S-(x,) and i+(x,J < S+(xs), 
w 
(41) 
that is 
i-(x,) = S-(x,) = i+(xJ = S+(x,) for almost all x0 , (43) 
precisely the generalization of the ergodic theorem. 
Remark. We can use the same demonstration for the measurable set 2’ of 
X, determined only by the condition S+(x,,) > p/q; the transformed domains of 
the p(q - p) T,,, transformations continue to cover (2’ - Es) p times but their 
original domains cover (Es A 2’) a number of times less than or equal to q - p 
because sup limn+m h(n, x,,) can be negative, and thus we only obtain 
meas& n 2’) > (p/q) meas( 
We can obtain symmetrical results for S-(x,), i+(xJ, and i-(x,) and we can 
extend them to irrational ratios and to the part of X, where orbits have at least 
an infinite number of points on one side. 
Hence let us call X,, the set of orbits limited on both sides and having thus a 
finite number of points 
Let us consider a measurable set I?,, and a measurable “set of orbits” Z’ (hence 
x,, E Z’ implies all existing x, E Z’); let us look for the four limits S+(x,), (S-(x,), 
i+(x& i-(x,) defined in (24) and let us put Z = Z’ - X,, . We obtain either (1) 
the generalization of the ergodic theorem is not satisfied for almost all points of 
Z’; it implies 
meas n Z) = + 00, (46) 
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or (2) the generalization of the ergodic theorem is satisfied for almost all points 
of Z’ and thus the proportion p(xJ equal to the four limits S+(x,,), S(x,), 
&(x0), i-(x0) is defined for almost all points of 2’; it then implies 
in$p(xJ . meas < meas@& n Z) < ~~~p(qJ * meas( (47) 
0 
4.4. The Generalization of the Ergo&c Theorem and the Intersection of Orbits 
with Two Measurable Sets E0 and E, E, Havkg a Finite Measure 
Since E, has a finite measure the proportion p(x,,) of points of the orbit of x0 
belonging to E,, exists for almost all points x,, . We will call 4(x0) the proportion 
corresponding to the set E when that proportion exists and we will demonstrate 
that, to the exclusion of a possible set of measure zero, 
p(x,,) > 0 * all x, and ~(x,,) exist, 
-ifa(x,,) = l,allx,EE, (48) 
a if Q(XJ = 0, all x, E (X - E). 
On the other hand, if Z(0, 0) is the set of points for which $(x0) = 0, 
either meas[Z(O, 0) - X,,] = + CO, or E,, n [Z(O, 0) - X,,] = .@ . (49) 
Demonstration. Let us define the sets Z(a, b) and Y(c, d) by 
x0 E Z(a, b) o {p(xJ exists; a < p(x,) < b}, (50) 
x0 E Y(c, d) o {p(x,) exists; c < ~(x,,) < d}. (51) 
As the set Z of Section 4.3, and for the same reason, the sets Z(a, 6) and Y(c, d) 
are measurable. 
Let us examine first the points for which $(x0) > 0. 
For a > 0 the set Z(a, 1) belongs to X, since x0 E X, implies either p(xs) 
does not exist or p(xO) = 0. Hence from the inequalities (47) 
and thus 
a meas[Z(a, l)] < meas[E,, n Z(a, I)], (52) 
meas[Z(a, I)] < a-l * meas < + 00. (53) 
Z(a, 1) being of finite measure it is also the case for En Z(u, 1) and then, 
taking account of (46), the proportion 4(x,) is defined for almost all points of 
Z(a, 1) and then for almost all points for which p(xO) > 0. 
Let us consider now the intersection Z(a, 1) n Y(0, 0). The inequalities 
(47) lead to 
meas[E n .Z(a, 1) n Y(0, 0)] = 0 . meas[Z(a, 1) n Y(0, 0)] = 0. (54) 
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Hence, except for a set of measure zero (the set uzz-m T(“)[E n Z(a, 1) n 
Y(O, O)]), b-t f or I s or whichp(x,) > a and q(x,) = 0 belong to X, and are entirely 
out of E and so (with a = l/k; k = {1 ,2 ,... a...}) are the orbits for whichp(x,,) > 0 
4(%) = 0. 
X - E being also a measurable set we obtain conversely, to the exclusion of a 
set of measure zero, the orbits for whichp(x,) > 0 and 4(x,,) = 1 belong entirely 
to E (they are of inner type with respect to E). Thus the three sentences of (48) 
are demonstrated. 
Let us now examine the set Z(0, 0) of points for which p(x,) = 0. Equation 
(47) gives directly 
meas[E, n (Z(0, 0) - X,,)] = 0 . meas[Z(O, 0) - X,,]. (55) 
Hence either meas [Z(O, 0) - X,,] = + co or meas [E, n (Z(0, 0) - X,,)] = 0, 
and in the latter case, to the exclusion of the set (Jz”m T’“)[EO n (Z(0, 0) -X,,)] 
of measure zero, we obtain E, n (Z(0, 0) - X,,) = 13 and the orbits out of X,, 
and for which p(x,,) = 0 are entirely out of E, . 
4.5 The Generalization of the Ergodic Theorem and the Intersection of Orbits with 
a Denumerable Sequence of Measurable Sets. 
Let us call EC,) .*. F~,J *.. the sets of finite measure and I(r) ‘..I(,, .a. the 
sets of infinite measure of the sequence of interest, and let us put Gt,,, = 
&Foj , as in Section 3.3. 
The conclusions of Sections 3.3,4.3, and 4.4 lead to the classification of points 
and orbits of the set X into the five classes: 
(A) A set of measure zero of “abnormal orbits”, a set in which we will put 
all the different kinds of abnormal orbits. 
(B) A measurable set of X’, of “bounded orbits” (or “limited orbits.“). 
For sufficiently large n these orbits are of “inner type” with respect to Gc,, and, 
with respect to any Et,, , Gtn) , or I(,) the proportion p(x,,) is always defined and 
such that 
~(3~) = 0 + the orbit of interest is entirely out of the setF(,, , Gc,, , or I(,,, 
of interest; 
(56) 
p(x,,) = 1 + the orbit of interest is entirely in the setP(,) , Gc,, , or 1~~) of 
interest (intersection of “inner type”). 
The case 0 < $(x0) < 1 corresponds to intersections of “intersecting type.” 
(C) A measurable set of X, of “oscillating orbits chiefly at bounded 
distance.” 
These orbits are very similar to the “bounded orbits,” the only difference 
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being that they remain of “intersecting type” with respect to the Gc,, when n 
goes to infinity (and thus the case p(xs) = 1 only occurs for sets I(,,). 
If X, C (Jz=rFt,) it is easy to demonstrate that for a given orbit the proportion 
p(x,,) with respect to a set G(,J goes to one when rr goes to infinity. Indeed, since 
the undesired sets of measure zero are considered as sets of “abnormal orbits,” 
and since the question of measurability is obvious, if there were a set 2 of positive 
measure and such that 
(1) for n = N and the set GtN) 
x0 E z -p(xo) 3 E > 0, (57) 
(2) when rz -+ co the proportion p(xo) with respect to Gt,) would remain 
less than 1 - c. 
Then (47) would imply: 
0 < E meas < meas G&j < + co, 
meas(G(,,, n Z) < (1 - 6) meas Z < t-00. 
(58) 
Hence for any n, 
0 < E meas < meas[Z - Gt,jJ < meas < + co, 
which is contradictory to Z C X, C limn+a Gtn) . 
(59) 
(D) The fourth class is a measurable set of X, of “oscillating orbits 
chiefly at infinity.” 
If that set exists it has an infinite measure and, as in the previous class, its 
orbits remain of intersecting type with respect to the G~,J when n goes to infinity. 
All qualitative properties are the same for both types of oscillating orbits but 
for the latter type the proportion p(xo) is always zero with respect to any F~,J 
or Gt,, and it often does not even exist with respect to I(,) . 
(E) There remains a fifth class: a measurable set of “open orbits.” These 
orbits are of “outer type” with respect to any F(,, or Gcn) (i.e., they have only a 
finite number of points in any of these sets, which implies p(zo) = 0) and they 
are of arbitrary type with respect to the I,,) (the corresponding proportion 
p(xo) generally does not exist). 
Remark. As already indicated in Section 3.3 this vocabulary of abnormal, 
bounded, open, oscillating orbits “chiefly at bounded distance” or “chiefly at 
infinity” comes from the usual problems. Let us take again the example of the 
n-body problem of celestial mechanics and its R 6n-6 phase space in the axes of its 
centers of masse and let us use as sets Fc,, and Gc,, the usual “open rational 
parallelepipeds” and the union of a finite number of them (open rational paral- 
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lelepipeds in a RQ space are defined by ai < xi < bi , i = {1,2... q}, the ai’s and 
hi’s being rational). 
We can now add to Section 3.3: The orbits of bounded or of oscillating type 
are defined for all time; they ever come back in any rational neighborhood of 
their past or future situations and they do it with a well-defined frequency which is 
the same in the past and in the future (that frequency is zero for “oscillating orbits 
chiefly at infinity” and it is positive for the other orbits). This implies, 
for bounded orbits, the existence of limit temporal mean values, equal for the 
past and for the future, for all real-valued and continuous functions of the state 
such as the Earth-Mars distance. 
Oscillating orbits with bounded radius vectors and unbounded velocities (i.e., 
with quasi-collisions) are of the type “chiefly at bounded distance” (in the 
phase-space). It is suspected that they fill a set of positive measure as soon as 
n > 3. It is also suspected that the other oscillating orbits (i.e., the “almost stable 
trajectories” of Khilmy [3] and Sitnikov [Sj) fill a set of measure zero. 
CONCLUSION 
The solutions of systems of conservative differential equations and of measure- 
preserving transformations are classified into five different types, one of them 
(the abnormal type) being infinitely rare and three of them (the bounded and the 
two oscillating types) having strong properties of stability both from the quali- 
tative point of view (Poisson stability for the past and for the future) and from the 
quantitative point of view (existence of limit frequencies and of limit temporal 
mean values identical for the past and for the future). 
It would be interesting to look for some supplementary properties of stability, 
and especially to look for the conditions under which orbits of bounded type 
are almost periodic. 
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